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Abstrat: In this talk we review some generalizations of 't Hooft and Mandelstam ideas
on onnement for theories with non-Abelian unbroken gauge groups. In order to do that,
we onsider N=2 super Yang-Mills with one avor and a mass breaking term. One of the
spontaneous symmetry breaking is aomplished by a salar that an be in partiular
in the representation of the diquark ondensate. We analyze the phases of the theory.
In the superonduting phase, we show the existene of BPS Zk-strings and alulate
exatly their string tension in a straightforward way. We also nd that magneti uxes
of the monopole and Zk-strings are proportional to one another allowing for monopole
onnement in a phase transition. We further show that some of the resulting onning
theories an be obtained by adding a deformation term to N = 2 orN = 4 superonformal
theories.
1. Introdution
One of the oldest open problems in partile physis is the quark onnement. It is believed
that it ould be explained as being a phenomena dual to a non-Abelian generalization of
Meissner eet, as was proposed by 't Hooft and Mandelstam many years ago [1℄. Some
progress has been made by Seiberg and Witten [2℄, who onsidered an N = 2 SU(2)
supersymmetri theory and assoiated to the point in the moduli spae where the monopole
∗
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beomes massless they obtained an eetiveN = 2 super QED with anN = 2mass breaking
term. In this eetive theory, the U(1) is broken to a disrete group and as it happens the
theory develops string solutions and onnement of (Abelian) eletri harges ours. Sine
then, many vary interesting works appeared[3℄. However, usually it is onsidered that
the gauge group is ompletely broken to U(1)rank(G) and then to its disrete enter by
Higgs mehanism. Therefore these theories don't have SU(3) × U(1)
em
as subgroup of
the unbroken gauge group and the monopoles belong to U(1) representations and not to
representations of non-Abelian groups.
In this talk, we shall review [4℄ and [5℄ where we generalize some of the 't Hooft and
Mandelstam ideas to non-Abelian theories but avoiding the mentioned problems. In order
to do that, we onsider N = 2 super Yang-Mills with a breaking mass term and with
arbitrary simple gauge group whih is broken to non-Abelian residual gauge group. One of
the spontaneous symmetry breaking is produed by a omplex salar φ that ould be for
example in the symmetri part of the tensor produt of k fundamental representations. In
partiular if k = 2, this salar is in the representation of a diquark ondensate and therefore
it an be thought as being itself the ondensate. We therefore ould onsider this theory
as being an eetive theory (like the N = 2 SQED onsidered by Seiberg and Witten).
The non-vanishing expetation value of φ gives rise to a monopole onnement, like in the
Abelian-Higgs theory. We shall show that, by varying a mass parameter m, we an pass
from an unbroken phase to a phase with free monopoles and then to a superonduting
phase with Zk-strings and onned monopoles. In the free-monopole phase, there exist
(solitoni) monopole solutions whih are expeted to ll irreduible representations of the
dual unbroken gauge group[6℄. In this phase we reover N = 2 supersymmetry and show
that some of these theories are onformal invariant. In the superonduting phase we shall
prove the existene of BPS Zk-string solutions and alulate exatly their string tensions.
We also show that the uxes of the magneti monopoles and strings are proportional to one
another and therefore the monopoles an get onned. From the values of the magneti
uxes we alulate the threshold length for the string breaking, produing a new monopole-
antimonopole pair. In our theory the bare mass µ of φ is not required to satisfy µ2 < 0 in
order to have spontaneous symmetry breaking. Therefore in the dual formulation, where
one ould interpret φ as the monopole ondensate, when k = 2, we don't need to have a
monopole mass satisfying the problemati ondition M2
mon
< 0 mentioned by 't Hooft[7℄.
2. Connement in Abelian-Higgs theory
Due to the broad audiene in this onferene, let us review the BPS string solutions in
Abelian-Higgs theory and the basi ideas of 't Hooft and Mandelstam on onnement
1
.
As is well known, a superondutor is desribed by the BCS theory. In this theory it
happens a ondensation of eletron pairs. This ondensate is assoiated to a omplex salar
eld whose dynamis is governed by the Abelian-Higgs Lagrangian
L = −1
4
FµνF
µν +
1
2
Dµφ
∗Dµφ− V (φ) , (2.1)
1
For a review in those subjets see [8℄ and [7℄.
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where Dµφ = ∂µφ+ iqφAµφ and
V (φ) =
λ
8
(|φ|2 − a2) .
The onstant qφ is the eletri harge of φ. In partiular if φ
†
is a ondensate of eletron
pairs, then qφ = 2e. In this ase, when a
2 > 0, the U(1) gauge group is broken to Z2. In
that phase, Abelian-Higgs is the eetive theory whih desribes normal superondutors.
Sine in this phase Π1(U(1)/Z2) is nontrivial we an have string solutions. In order to
obtain these solutions we shall look for a stati onguration, with ylindrial symmetry
around the z-axis and the only non-vanishing omponent of the eld strength is B3 ≡ −F12.
In order that the string have a nite string tension T (i.e. energy per unit length), when
the radial oordinate ρ→∞, the string solution must satisfy the vauum equations
Dµφ = 0 ,
V (φ) = 0 , (2.2)
Fµν = 0 .
Then, one an obtain the string tension lower bound [9℄ (for a review see [8℄)
T ≥ 1
2
qφa
2 |Φ
st
| , (2.3)
where
Φ
st
≡
∫
d2xB3 = −
∮
dlI AI , I = 1, 2 ,
is the string magneti ux. We shall adopt the onvention that apital Latin indies always
denote the oordinates I = 1, 2. From the boundary onditions (2.2), it follows that at
ρ→∞
|φ| = a → φ(ϕ) = aeiβ(ϕ) , (2.4)
DIφ = 0 → AI(ϕ) = i
qφ
φ−1∂Iφ =
ǫIJx
J
qφρ2
∂ϕβ ,
where β(ϕ) an be a multi-valued funtion. But sine φ(ϕ) is single valued
β(ϕ+ 2π)− β(ϕ) = 2πn , where n ∈ Z .
Then,
Φ
st
=
2π
qφ
n , (2.5)
and it results that
T ≥ a2π |n| . (2.6)
The bound is saturated when[9℄
D0φ = D3φ = 0 ,
D±φ = 0 , (2.7)
B3 ± qφ
2
(
φ∗φ− a2) = 0 ,
V (φ) =
q2φ
8
(|φ|2 − a2)2
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with + if n > 0 and − if n < 0 and where D± ≡ D1 ± iD2. The last relation implies
the onstraint on the ouplings of the theory λ = q2φ. This onstraint appear in N = 2
super-Maxwell. In order for this Lagrangian to be N = 2 super-Maxwell we just need to
introdue some extra elds (note that sine φ has a non-vanishing eletri harge it should
belong to the hypermultiplet and not to the N = 2 vetor supermultiplet). One an show
that the solutions of these equations satisfy automatially the equations of motion.
The string ansatz is onstruted by multiplying the asymptoti onguration (2.5) by
arbitrary funtions of ρ[10℄,
φ(ϕ, ρ) = f(ρ)aeinϕ ,
AI(ϕ, ρ) = g(ρ)
n
qφρ2
ǫIJx
J ,
and, in order to reover the asymptoti onguration at ρ→∞, we onsider the boundary
ondition
g(∞) = 1 = f(∞) .
On the other hand, in other to kill the singularities at the origin, we onsider the boundary
ondition
g(0) = 0 and f(0) = 0.
Putting this ansatz in the BPS onditions, it results the rst order dierential equations
g′(ρ) = ∓q
2
φa
2ρ
2n
(|f(ρ)|2 − 1) , (2.8)
f ′(ρ) = ±n
ρ
(1− g(ρ)) f(ρ) .
Although they don't have an analyti solution, Taubes has proven [11℄ the existene of
a solution to these dierential equations with the above boundary onditions. Moreover,
he showed that all solutions to the full stati equations are solutions to BPS equations, if
λ = q2φ. Sine that BPS string solution has the lowest value of the string tension in a given
topologial setor, it is automatially stable.
't Hooft and Mandelstam [1℄ had the idea that if one puts a (Dira) monopole and
antimonopole in a superondutor, their magneti lines ould not spread over spae but
must rather form a string whih gives rise to a onning potential between the monopoles.
This idea only makes sense sine the (Dira) monopole magneti ux is
Φ
mon
= g = 2π/e ,
whih is onsistent with the string's magneti ux quantization ondition (2.5), allowing
one to attah to the monopole two strings with n = 1, when qφ = 2e. Then, using the
eletromagneti duality of Maxwell theory one ould map this monopole onning system
to an eletri harge onning system.
 4 
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3. The BPS onditions for strings in non-Abelian theories
Let us now generalize some of these ideas to a non-Abelian theory[4℄[5℄. For simpliity, let
us onsider an arbitrary gauge group G whih is simple, onneted and simply-onneted.
We shall onsider a Yang-Mills theory with a omplex salar S in the adjoint representa-
tion and another omplex salar φ. We onsider a salar S in the adjoint representation
beause in a spontaneous symmetry breaking it produes an exat symmetry group GS
with a U(1) fator, whih allows the existene of monopole solutions. Additionally, another
motivation for having a salar in the adjoint representation is beause with it, we an form
an N = 2 vetor supermultiplet and, like in the Abelian-Higgs theory, the BPS string so-
lutions appear naturally in a theory with N = 2 supersymmetry. Moreover, in a theory
with partile ontent of N = 2 supersymmetry, the monopole spin is onsistent with the
quark-monopole duality[12℄ whih is another important ingredient in 't Hooft and Mandel-
stam's ideas. However, with S in the adjoint, we an not in general produe a spontaneous
symmetry breaking whih has a non-trivial rst homotopy group of the vauum manifold,
whih is a neessary ondition for the existene of a string. One way to produe a sponta-
neous symmetry breaking satisfying this ondition is to introdue a omplex salar φ in a
representation whih ontains the weight state |kλφ〉 [13℄, where k is an integer greater or
equal to two, and λφ a fundamental weight. We an have at least three possibilities: one
is to onsider φ in the representation with kλφ as highest weight, whih we shall denote
Rkλφ . We an also onsider φ to be in the diret produt of k fundamental representations
with fundamental weight λφ, whih we shall denote R
⊗
kλφ
. Finally a third possibility would
be to onsider φ in the symmetri part of R⊗kλφ , alled R
sym
kλφ
, whih always ontains Rkλφ .
This last possibility has an extra physial motivation that if k = 2, it orresponds to the
representation of a ondensate of two fermions (whih we naively will all quarks) in the
fundamental representation with fundamental weight λφ, and we an interpret φ as being
this diquark ondensate, similarly to the Abelian theory. In this ase, when φ takes a non-
trivial expetation value, it also gives rise to a mass term for these quarks. We shall see that
φ will be responsible for the monopole onnement. Therefore, in this ase we shall have
that a nonzero vauum expetation value of the diquark ondensate gives rise to monopole
onnement in a non-Abelian theory. If we are onsidering the dual theory, φ ould be
interpreted as a monopole ondensate and it would give rise to a quark onnement.
In order to have N = 2 supersymmetry, we should need another omplex salar to be
in the same hypermultiplet as φ. For simpliity's sake, however, we shall ignore it setting
it to zero.
Let us then onsider the Lagrangian
L = −1
4
Gµνa Gaµν +
1
2
(DµS)
∗
a (D
µS)a +
1
2
(
Dµφ
†
)
(Dµφ)− V (S, φ) (3.1)
with potential given by
V (S, φ) =
1
2
(
YaYa + F
†F
)
where
Ya =
e
2
(
φ†Taφ+ S
∗
b ifabcSc −m
(
Sa + S
∗
a
2
))
,
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F = e
(
S† − µ
e
)
φ .
This potential is the bosoni part of N = 2 super Yang-Mills with one avor (when one
of the aforementioned salars of the hypermultiplet is put equal to zero). The parameter
µ gives a bare mass to φ and m gives a bare mass to the real part of S whih softly
breaks N = 2 SUSY. The parameter m also is responsible for spontaneous gauge symmetry
breaking and, as for the mass parameter a in the Abelian ase, one an onsider it as a
funtion of temperature. In [4℄, we started with a generi potential and have shown that
in order to obtain the string BPS onditions, the potential is onstrained to have this form
with N = 2 SUSY like in the Abelian ase.
In order that the string tension T be nite, the string onguration at ρ → ∞ must
satisfy the vauum equations
DµS = Dµφ = 0 ,
V (S, φ) = 0 , (3.2)
Gµν = 0 .
Let S = M + iN , where M and N are real salar elds and Ba ≡ Ba3 = −Ga12/2. Then one
an show [4℄ that the string tension in this theory satisfy the inequality
T ≥ me
2
∣∣∣∣
∫
d2x {MaBa}
∣∣∣∣ (3.3)
and the bound is saturated if and only if
D0φ = D3φ = D0S = D3S = 0
D±φ = 0 ,
D∓S = 0 , (3.4)
Ba ± Ya = 0 ,
V (S, φ)− 1
2
Y 2a = 0 ,
whih are BPS onditions for the string. Sine it is a stati onguration with axial sym-
metry, the rst onditions imply that W0 = 0 = W3. The last BPS ondition implies that
F = 0. One an hek that 1/4 of the N = 2 supersymmetry transformations vanish for
eld ongurations satisfying the string BPS onditions in the limit m→ 0.
Dierently from the Abelian ase, these equations are only onsistent with the equations
of motion when m vanishes [4℄. However this ondition must be understood in the limiting
ase m→ 0, as we shall disuss later on. Therefore, it is only in this limit that we an have
BPS strings satisfying (3.4). The explanation for this fat is the following: remember that
a stati solution of the equations of motion orrespond to an extreme of the Hamiltonian,
for solutions where W0 = 0. On the other hand, a solution of the BPS onditions saturate
the bound of the string tension in a given topologial setor. But that does not neessarily
guarantee that it is an extreme.
Now we shall analyze if the theory have a vauum whih produes a spontaneous
symmetry onsistent with the existene of string solution.
 6 
P
r
H
E
P
 
u
n
e
s
p2002
Workshop on Integrable Theories, Solitons and Duality Maro A. C. Kneipp
4. Phases of the theory
The vauum equation V (S, φ) = 0 is equivalent to
Ya = 0 = F . (4.1)
In order to the topologial string solutions to exist, we look for vauum solutions of the
form
φva = a|kλφ > ,
Sva = bλφ ·H , (4.2)
Wvaµ = 0 ,
where a and b are omplex onstants, k is a integer greater or equal to two and λφ is an
arbitrary fundamental weight. If a 6= 0, this onguration breaks G → Gφ in suh a way
that[13℄ Π1(G/Gφ) = Zk, whih is a neessary ondition for the existene of Zk−strings.
Let us onsider that µ > 0. Following [4℄, from the vauum onditions Ya = 0 = F , one an
onlude that
|a|2 = mb
k
,(
kbλ2φ −
µ
e
)
a = 0 .
There are three possibilities:
(i) If m < 0 ⇒ a = 0 = b and the gauge group G remains unbroken.
(ii) If m = 0 ⇒ a = 0 and b an be any onstant. In this ase, Sva breaks[13℄
G→ GS ≡ (K × U(1)) /Zl , (4.3)
whereK is the subgroup of G assoiated to the algebra whose Dynkin diagram is given
by removing the dot orresponding to λφ from that of G. The U(1) fator is generated
by λφ ·H and Zl is a disrete subgroup of U(1) and K. The N = 2 supersymmetry
is restored in this ase.
(iii) If m > 0 ⇒
|a|2 = mµ
k2eλ2φ
, (4.4)
b =
µ
keλ2φ
, (4.5)
and G is further broken to[13℄
G→ Gφ ≡ (K × Zkl) /Zl ⊃ GS . (4.6)
In partiular for k = 2 we have for example,
Spin(10) → (SU(5) × Z10) /Z5 ,
SU(3) → (SU(2) × Z4) /Z2 .
 7 
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Therefore by ontinuously hanging the value of the parameter m we an produe a sym-
metry breaking pattern G → GS → Gφ. It is interesting to note that, unlike the Abelian-
Higgs theory, in our theory the bare mass µ of φ is not required to satisfy µ2 < 0 in order to
have spontaneous symmetry breaking. Therefore in the dual formulation, where one ould
interpret φ as the monopole ondensate when φ ∈ Rsym2λφ , we don't need to have a monopole
mass satisfying the problemati ondition M2
mon
< 0 mentioned by 't Hooft[7℄.
Let us analyze in more detail the last two phases[5℄.
5. The m = 0 or free-monopole phase
Sine b is an arbitrary non-vanishing onstant, we shall onsider it to be given by (4.5),
in order to have the same value as the ase when m < 0. The non-vanishing expetation
value of Sva denes the U(1) diretion in GS , (4.3), and one an dene orresponding
U(1) harge as [14℄
Q ≡ e S
va
|Sva| = e
λφ ·H
|λφ| . (5.1)
Sine
Qφva = ek|λφ|φva ,
the eletri harge of φva is
qφ = ek|λφ| . (5.2)
Sine in this phase Π2(G/GS) = Z, it an exist Z-magneti monopoles. Indeed, for
eah root α suh that 2αv · λφ 6= 0 (where αv ≡ α/α2), one an onstrut Z-monopoles
[15℄. The U(1) magneti harge of these monopoles are [15℄
g ≡ 1|v|
∫
dSiM
aBai =
4π
e
v · αv
|v| (5.3)
where v ≡ bλφ and Bai ≡ −ǫijkGajk/2 are the non-Abelian magneti elds. These monopoles
ll supermultiplets of N = 2 supersymmetry [16℄ and satisfy the mass formula
m
mon
= |v||g| . (5.4)
Not all of these monopoles are stable. The stable or fundamental BPS monopoles are those
lowest magneti harge assoiated to the roots α whih satisfy 2αv · λφ = ±1[17℄. From
now on, we shall only onsider these fundamental monopoles, whih are believed to ll
representations of the gauge subgroup K[6℄. Their magneti harge (5.3) an be written as
g =
2πk
qφ
(5.5)
Dierently from the ase in whih the gauge group is broken to U(1)rank(G), it is
very important to note that when G is broken to U(1) ×K/Zl, the existene of monopole
solutions an explain the 1/3 fator in the eletri harge quantization ondition for the
olored partiles like quarks and gluons when K = SU(3) [18℄.
 8 
P
r
H
E
P
 
u
n
e
s
p2002
Workshop on Integrable Theories, Solitons and Duality Maro A. C. Kneipp
It is interesting to note that for the partiular ase where the gauge group is G = SU(2)
and salar φ belongs to symmetri part of the diret produt of the fundamental with
itself, whih orresponds to the adjoint representation, the supersymmetry of the theory is
enhaned to N = 4. In this ase, the theory has vanishing beta funtion.
There are other examples of vanishing β funtions when m = 0. The β funtion of
N = 2 super Yang-Mills with a hypermultiplet is given by
β(e) =
−e3
(4π)2
[
hv − xφ
]
where hv is the dual Coxeter number of G and xφ is the Dynkin index of φ's representation.
If φ belongs to the diret produt of 2 fundamental representations, R⊗2λφ ,
xφ = 2dλφxλφ ,
where xλφ and dλφ are, respetively, the Dynkin index and the dimension of the represen-
tation assoiated to the fundamental weight λφ.
Therefore for SU(N) (whih has hv = N), if φ is in the tensor produt of the funda-
mental representation of dimension dλN−1 = N with itself (whih has Dynkin index xλN−1 =
1/2), xφ = N and the β funtion vanishes. Therefore the theory is superonformal (if we
take µ = 0). In this phase, SU(N) is broken to U(N − 1) ∼ (SU(N − 1)⊗ U(1)) /ZN−1.
6. The m > 0 or superonduting phase
In the m > 0 phase, the U(1) fator is broken and, like in the Abelian-Higgs theory,
the orresponding fore lines annot spread over spae. Sine G is broken in suh a way
that Π1(G/Gφ) = Zk, these fore lines may form topologial Zk−strings. We shall show
the existene of BPS Zk-strings in this phase and obtain their string tensions. We shall
also show that, as in the Abelian Higgs theory, the U(1) magneti ux Φ
mon
of the above
monopoles is proportional to the BPS Zk-string magneti ux Φ
st
, and therefore these U(1)
ux lines oming out of the monopole an be squeezed into Zk-strings, whih an give rise
to a onning potential.
6.1 The BPS Zk-string solutions
At ρ → ∞, the string must tend to vauum solutions in any angular diretion ϕ. Let us
denote φ(ϕ) = φ(ϕ, ρ →∞), S(ϕ) = S(ϕ, ρ→∞), et. Then, the vauum equations (3.2)
imply that this asymptoti eld onguration must be related by gauge transformations
from a vauum onguration, whih we shall onsider (4.2), i.e.
WI(ϕ) =
−1
ie
(∂Ig(ϕ)) g(ϕ)
−1 , I = 1, 2 ,
φ(ϕ) = g(ϕ)φva ,
S(ϕ) = g(ϕ)Svag(ϕ)−1 ,
for some g(ϕ) ∈ G. Then, in order for the eld ongurations to be single-valued, g(2π)g(0) ∈
Gφ. Without lost of generality we shall onsider g(0) = 1. Sine G is simply onneted
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(whih an always be done by going to the universal overing group), a neessary ondition
for the existene of strings is that g(2π) belongs to a non-onneted omponent of Gφ. Let
g(ϕ) = exp iϕL. Then, at ρ→∞
φ(ϕ) = aeiϕL|kλφ > ,
mS(ϕ) = ka2eiϕLλφ ·He−iϕL , (6.1)
WI(ϕ) =
ǫIJx
J
eρ2
L , I, J = 1, 2 .
Some possible hoies for the Lie algebra element L are
Ln =
n
k
λφ ·H
λ2φ
, (6.2)
with n being a non-vanishing integer dened modulo k. With these hoies it is possible to
show[4℄ that g(2π) ∈ Gφ.
We an onstrut the string ansatz by multiplying by arbitrary funtions of ρ, the
asymptoti onguration (6.1) with Ln given by (6.2),
φ(ϕ, ρ) = f(ρ)einϕa|kλφ > ,
mS(ϕ, ρ) = h(ρ)ka2λφ ·H , (6.3)
WI(ϕ, ρ) = g(ρ)Ln
ǫIJx
J
eρ2
→ B3(ϕ, ρ) = Ln
eρ
g′(ρ) ,
W0(ϕ, ρ) = W3(ϕ, ρ) = 0 ,
with the boundary onditions
f(∞) = g(∞) = h(∞) = 1 ,
in order to reover the asymptoti onguration at ρ→∞ and
f(0) = g(0) = 0
in order to eliminate singularities at ρ = 0.
Putting this ansatz in the BPS onditions it results that:
h(ρ) = onst = 1
f ′(ρ) = ±n
ρ
[1− g(ρ)] f(ρ)
g′(ρ) = ∓q
2
φa
2ρ
2n
[|f(ρ)|2 − 1]
whih are exatly the same dierential equations with same boundary onditions whih
appear in the U(1) ase (2.8) (with qφ given by (5.2)), whose existene of solution has been
proven by Taubes.
As we mentioned before, the BPS onditions are ompatible with the equations of
motion when m vanishes. However, if we do this, a = 0 and there is no symmetry breaking,
 10 
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whih is neessary in order for string solutions to exist. This result is very similar to
what happens for the BPS monopole (see for instane [14℄). In that ase, one of the BPS
onditions is V (φ) = λ(φ2 − a2)2/4 = 0, whih implies the vanishing of the oupling
λ. However, that ondition must be understood in the Prasad-Sommereld limiting ase
λ → 0 [19℄ in order to retain the boundary ondition |φ| → a as r → ∞, and to have
symmetry breaking. In our ase, we have the same situation with a small dierene: if one
onsiders m → 0, then a → 0. We an avoid this problem by allowing µ → ∞ suh that
mµ, or equivalently a, remains onstant, implying that the eld φ beomes innitely heavy.
6.2 The Zk-string magneti ux and the string tension
Sine the salar Ma denes the U(1) diretion inside G, we dene a gauge invariant U(1)
string magneti ux
Φ
st
≡ 1|v|
∫
d2xMaBa3 (6.4)
whih is similar to the U(1) monopole magneti ux (5.3), but with surfae integral taken
over the plane perpendiular to the string. Using the BPS string ansatz we obtain that
Φ
st
=
∮
dlIAI =
2πn
qφ
, n ∈ Zk , (6.5)
where AI ≡ W aI Ma/|v| , I = 1, 2 and qφ given by (5.2). This ux quantization ondition
is also very similar to the Abelian result
2
(2.5) and generalizes, for example, the string
magneti ux for SU(2)[20℄ and for SO(10)[21℄(up to a
√
2 fator). In [22℄, it is also
alulated uxes for the SU(n) theory, but with the gauge group ompletely broken to its
enter and a dierent denition of string ux whih is not gauge invariant. Note that we
an rewrite the above result as
Φ
st
qφ = 2πn , n ∈ Zk .
We an onlude that for the fundamental (anti)monopoles, the U(1) magneti ux
Φ
mon
= g, whih is given in (5.5), is onsistent with Φ
st
, if n = k. This an be interpreted
that for one fundamental monopole we ould attah k Zk-strings with n = 1. That is
onsistent with the fat that k Zk−strings with n = 1 have trivial rst homotopy, as do the
monopoles.
With the above denition of string ux, the string tension bound (3.3) an be written
as
T ≥ 1
2
qφ|a|2|Φ
st
| = π|a|2|n| , n ∈ Zk ,
whih generalizes the U(1) results (2.3) and (2.6). The bound hold for the BPS string. Sine
the tension is onstant, it may ause a onning potential between monopoles inreasing
linearly with their distane, whih may produe quark onnement in a dual theory.
2
It is interesting to note that (6.5) orresponds to the Abelian ux (2.5) divided by |λφ| when k = 2 .
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6.3 The monopole onnement
In the m < 0 phase, by topologial arguments [23℄[24℄ one would expet that the monopoles
produed in the m = 0 phase develop a ux line or string and get onned. We an see this
more onretely in the following way: as usual, in order to obtain the asymptoti salar
onguration of a (spherially symmetri) monopole, starting from the vauum ongura-
tion (4.2) one performs a spherially symmetri gauge transformation. Then for the ase of
a fundamental monopole and onsidering the k = 2 we an show[5℄ that asymptotially
φ(θ, ϕ) = a
{
cos2
θ
2
|2λφ > −
√
2
2
sin θe−iϕ|2λφ − α > +sin2 θ
2
e−2iϕ|2λφ − 2α >
}
.
Therefore at θ = π,
φ(π, ϕ) = ae−2iϕ|2λφ − 2α >
whih is singular. This generalizes Nambu's result [25℄ for the SU(2)×U(1) ase. In order
to anel the singularity we should attah a string in the z < 0 axis with a zero in the ore,
as in our string ansatz (6.3). One ould onstrut an ansatz for φ(r, θ, φ) by multiplying
the above asymptoti onguration by a funtion F (r, θ) suh that F (r, π) = 0.
The string tension for k strings with n = 1 must satisfy
T ≥ kπ|a|2 .
Then, the threshold length dth for the string to break produing a new monopole-antimonopole
pair, with masses (5.4), is derived form the relation
4π
e
k|a|2|λφ|
m
= Eth = Tdth ≥ kπ|a|2dth ,
whih results in
dth ≤ 4|λφ|
me
.
The monopole-antimonopole pair tends to deonne when m → 0+, as one would expet,
when T → 0 and dth →∞.
7. Summary and onlusions
In this talk, we have presented some generalizations of the ideas of 't Hooft and Mandelstam
to non-Abelian theories. Like in the Abelian-Higgs theory, we have seen that our non-
Abelian theory presents some dierent phases, inluding a superonduting phase, where
we have proven the existene of BPS Zk-string solutions and have alulated exatly their
string tension. We also showed that the uxes of the magneti monopoles and strings are
proportional and therefore the monopoles an get onned. But dierently from the Abelian
ase, or also from the theories in whih are used Abelian projetion, our monopoles are not
Dira monopoles, and so we an assoiate naturally mass to them. Due to that, we ould
alulate the threshold length for the string to break in a new monopole-antimonopole pair.
Also in our theory the unbroken gauge group is non-Abelian and our monopoles should ll
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some representation of this unbroken gauge group. In many ases, the unbroken group an
ontain SU(3) ⊗ U(1)
em
as subgroup. Moreover we have seen that we ould onsider the
salar φ as a diquark ondensate and unlike the Abelian theory, in our theory the bare mass
µ of φ is not required to satisfy µ2 < 0 in order to have spontaneous symmetry breaking.
Therefore in the dual formulation, where one ould interpret φ as being the monopole
ondensate, we don't need to have a monopole mass satisfying the problemati ondition
M2
mon
< 0 mentioned by 't Hooft.
It is expeted that a onning theory obtained by a deformation of superonformal
gauge theory in 4 dimensions should satisfy a gauge/string orrespondene [26℄, whih
would be a kind of deformation of the CFT/AdS orrespondene [27℄. In the gauge/string
orrespondenes it is usually onsidered onning gauge theories with SU(N) or U(N)
ompletely broken to its enter. We have seen that some of our onning theories are
obtaining by adding a deformation to superonformal theories and whih breaks U(N − 1)
to SU(N−1)⊗Z2 (up to a disrete fator). It would be interesting to know if these theories
also satisfy a gauge/string orrespondene.
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